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Abstract—This paper presents an analysis of the heat conduction in a translationally and rotationally

moving cylinder under the influence of a system of concentrated and distributed heat sources over the

cylindrical surface. Steady, transient and unsteady states are considered. Physically, this problem

represents the machining of a cylinder by a set of tools. Two simpler cases are also investigated: A system
of moving ring sources and a moving generatrix-band source.

NOMENCLATURE r,8,x, cylindrical coordinates;
ay, @y, b,, constants defined by (25); ro,  radius of the cylinder;
B,n, function defined by (24); t, time;
¢, specific heat; T, temperature;

g, Green’s function for transient state; u, axial velocity;

G, Green’s function or fundamental Green’s U,V, functions defined by (46).
function;

h, convective heat-transfer coefficient; Greek symbols

k, thermal conductivity; o, thermal diffusivity;

I half-width of the cutting tool surface; 4, Dirac delta function;

L, distance between centers of tools; v, angular half-width of the cutting tool surface;

N, number of tools; 0, density;

Q, rate of heat generation; , angular velocity;

Q, rate of heat generation per unit length; [ = \/(wn/oc);

Q", rate of heat generation per unit area; {1,{2. functions defined by (48).

INTRODUCTION

THE THEORY of moving heat sources is of great importance in manufacturing and metallurgical processes and
has been under intensive study for almost seven decades [1-5]. Most of the analyses are for systems with a
concentrated source moving along a straight coordinate.

Jaeger [6] was probably the first to investigate the heat conduction in a circular cylinder around whose surface
a line source moves with constant angular velocity. He applied Laplace transform to the heat equation and
solved the transformed equation by the classical method [7] with the aid of convolution theorem. According
to Jaeger, the advantage of his method is to separate the more interesting steady or periodic solution. Most
recently, DesRuisseaux and Zerkle [8] applied Jaeger’s method to the study of an infinite band source with
convective heat transfer at the cylinder surface.

The usual method for the solution of a moving heat source problem is first to find the instantaneous source,
then to change the stationary coordinate system to a moving one and to integrate with respect to time. This
results in the unsteady solution if the upper limit of integration is set to any value of time and in the steady
solution if the time limit is extended to infinity [2]. This method, however, usually yields the steady solutions in
double and triple series for two and three dimensional problems. It was probably due to this drawback that
Jaeger recommended the use of the Laplace transform—convolution method.
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The present study is concerned with the heat conduction in a translationally and rotationally moving cylinder
under the influence of a set of concentrated and distributed heat sources. Physically, this problem represents the
machining of a cylinder by a set of grinders or cutters. Two simpler cases are also considered: One for moving

ring sources and the other for a line source moving over the circumference of a cylinder.

FUNDAMENTAL EQUATIONS

Consider the machining of a long circular cylinder by a set of tools as schematically shown in Fig. 1. The
cylinder rotates counterclockwise at a constant angular velocity  and moves axially at a constant velocity u in

F1G. 1. Geometry of the problem.

the positive x direction. Due to the removal of material from the cylinder surface, heat is generated between
the cylinder and the tools over the finite areas:

—v<f<v, (pL—1)<(pL+x)<(pL+1])

wherep =0, 1,2,..., N — 1 with N being the number of tools and other quantities are defined in the Nomenclature.
If, as usuval, thermo-physical properties are .assumed constant, the differential equation governing the heat
conduction in unsteady state may be written in the form

1 (ﬁT oT  @éT

@ vt =g, 1
a e 50+"ax> M

jod

where V2 is the Laplacian operator

v 10 8+18+€2 )
= ——1r— T
ror\ or) r?d6* ox*’
for0 < r<ry,0 <8< 2m,|x| < co. The boundary conditions on T may be written as follows:
T = F(r,0,x) for O<r<ry, 0<0<2n |xl<o, t=0; 3)
oT
k5f+hT=f(9,x) for r=ry, 002, |x]<oc0, t>0; 4)
r
T=0 for O<r<ry, 002, |X|=00, t>0; 5)
oT
kF_ = Q"(rg, 0, x) for r—re, —v<O<v, (pL-l<(pL+x)<(pL+1), t>0. (6)
or

If heat is generated in N points instead of N finite areas, condition (6) is replaced by
PR
or  4nR?

for R—0,0=0, x = pL, t >0 where R?> = r*+r}—2rrocos 0+ x2. The known functions f, F, Q, and Q" are

assumed as square integrable with respect to space variables. This condition is usually satisfied in practical
problems.
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To find the solution of (1) satisfying conditions (3) through (6), it is convenient to find first the corresponding
Green’s function which is to satisfy the following equations:

oG oG 1
0—G—+w~+u——aVZG =-8(r—r)8(0—0)5(x—x") (N*
at 06 Ox r

forO<r<ry,0<0<2n|x]<o0,t>0;

oG
k_("7+hG=0 for r=re, 002, |x|<o, t>0 (8)

G=0 for €2n, |x|<o0, t=0 9)

0 0

G=0 for 0<r<ry, 0€0<2n, |x|=00, t>0. (10)
It is to be noted that G(r, 0, x, t|r', &, x') is a continuous point source instead of an instantaneous point source,
G(r,0,x,t|r, 0, x', t').

When the Green’s function G(r, 0, x,t|r,?,x’) is known, the solution for the temperature caused by N
concentrated sources at (7o, 0, pL) is given by

Q N-1
T(r,0,x,) = = Z G(r,0,x,t|ro,0,pL)

p 0

k4 6
_% J f(()’ x) 5 G060, x, tIre, 0, x')ro O’ dx’
—x cr

+J f j F(r,0,x)G(r,0,x,t|r", 0/, x')r dr'df'dx’ (11)
V] —nJ—®

and the temperature caused by N distributed sources at (ro, &', pL 4 x') is given by

N—1 fpL+l fv
T(r,6,x, t)=r—0 Z f j Q'G(r, 0, x,tro, 0, x')d6 dx'

PCp=0 JpL-1

if" J 1@, x)q _G(r, 0, %, tlro, 0", x')rodff dx’
j J j F(r, 0, x)G(r, 0, x, t|r, 0, x')r dr' &' dx’. (12)

In the above formulation, we have assumed that the solid is moving while the sources are stationary.
Alternatively, we may consider the solid as stationary while the sources are moving helically over the cylinder.
Now if we let the centroids of sources be seated at (ry, 0, pL), we can then expect that, as time goes to infinity,
steady state will be reached. In practice, such a steady-state solution is of more importance. For this reason
and others which will be seen later, we shall first consider the steady problem.

For steady state, the Green’s function G(r, 8, x|r’, ', x') is to satisfy the following equations

! <wa£ +u§g> V3G = icS(r—r’)é(()—@')é(x—x’) (13)
) or

forO0<r<ry,0<0<2n|x|<o0;

ki—G-i-hG 0 for r=ry, 0€0<2n, [|x|<o (14)

G=0 for O<r<ry, 0<60<2n |x| =o. (15)

The temperature distributions for concentrated and distributed sources are given by equations in the same
forms as (11) and (12) after the variable ¢ is dropped.

*For simplicity, 6(t —0) has been deleted in the right hand side of the equation.
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HELICALLY MOVING SOURCES—STEADY STATE
We seek the solution of (13) in the form

Ed] o

G 0xr . 0x) = 3 Y XXX 0, de) Jalhm 7)€ (16)

n=-—ox m=1

where J, is the Bessel function of the first kind and order n. The expression (16) has already satisfied the finite
condition at r = 0 and also satisfies condition (14) if 4,,, are the roots of

I
S Iyl Dom o) + i Jo(mT0) = 0. (17)

Multiplying both sides of (13) by rJ,(A,.r)e " drdf, integrating over (0,ro} and (—=,x), and using the
orthogonality of J,(4,, 1) and €™, we obtain

Inldam?’)

u - o
Xon == Xom — G+ 107) Xy = — dx—x)e " (18)
o 27N ym
where N,, is the norm given by
r 2 2
0 . ro h n
Nuw = rJH A1) dr = — 1t =] + 42, ~ = [J2(AumTo)- 19
J e = | G) 2~y e "
In view of (15), the boundary conditions on X,,, may be written as
X =0 for [x]| = c0. (20)

Clearly, X,, is the one-dimensional fundamental Green’s function (i.e. Green’s function in an infinite region)
with strength J{(1,.7)e " /(2raN,,) and can be constructed from its basic properties [9] or by introducing
Xy = Ppm €~ V2% 10 (18) so that

2 1 ’
u Jn('tnmr) . oo
” +A +iw = — 5 x_xl e—u(x-x)/lae—me .
nm (4 2 nm n > ¢nm 27'[&N,,m ( )

The solution for ¢, satisfying ¢,.(+o0) =0is

oA ) exp[ — @3 /40 + A2, + 0DV x~x'|] _
e
AN, [12/40% + A2+ iwd] 2

ing’

Domlx|x) =

It follows that
2

u 172
J(/nmr)exp[z (X x) <4 2+Afm+lwn> |x"x,|jl
- g o, 21
Ao Ny [ 12 /40 + 2.2, + iE] 112

Xom(x|x") =

Substituting (21) into (16) we obtain

< a /“r%m Jn(}bnm r)Jn(A-nm P',) ein(B—B’)

271.'7'(75& n=zv:ao m=1 [(h/k)z+Afm—n2/r(2)]‘]r%u'nmr0)
1 u ) u? 172
[u2/4fx +l,,m+tw,,]”2 |: (x—x')— (4 2+A,,,,,+za)> |x—x|] (22)

After a little mathematical deduction (22) becomes

G(r,0,x|r,0',x") =

l:u ( ’)]

expl = (x—x

2o Z | Bowlr,r) 2 Bum(r, r)exp(— ayx— x|}
G ’0, ,,0/,,’ _ m\’ s _ - ) nm\’ > n

tr. 6, xlr %) 2nrdo 2::1 [ ap exXp(—dolx =)+ ngl aZ+b?

x {a,cos[n(@—0)—b,|x—x'|]+ b,,sin[n(()-()’)—h,,|x——x’|]}] (23)
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where
ir%m Jn(lnm r)Jil (lnm r’)
Bo(r, ) = 24
") = [P+ 42— w23 o) 24
dg = [A(z)m+u2/4d2]1/2 bo = 0
a, = \/2 {[(AZ,+u?/4a®? + 03" + (22, + u?/4a?)} /2 (25)

\/2 {[ l£m+u2/4a2)2 +(0,,]1/2 (/{2 +u2/4d2)}1/2.

If f = 0 and the heat produced between each grinder (or cutter) and the cylinder is assumed to concentrate
in a point, then the steady temperature distribution in the cylinder is obtained

. Q ! Zx-pl 2 (Bom(r,re)e-acix—pLl
T(r, 6, x)=2m%k Y e y T_
14

=0 m=1

* Bum(r,ro)e—anx—pLl
2 Z 2+b2

x [a,cos (n6— b,|x — pL|)+ b, sin (nf — b,|x — le)]}. (26)

If the heat is generated uniformly from finite areas, the temperature distribution in steady state is

# N—1 pL+1
T(r,0,x)==—Y J J G(r,0,x|re, &, x)dx'ro 46’

pcp 0 pL—1
v NZLopvoppltl o R (rr 1x ¥) = golx~x'| ® Bymlr,r
_ 0 5 [Bontiro) 12§ Bultiro)
27'"'0k;7=0 —vJpL—i m=1 Qo n=1 an+bn
7(x x)—ayx—x'|
x e2* {a,cos[n(@—0)—b,|x—x'|] +b,,sin[n(@—0’)—b,,|x—x’|]}:|dx'd0’. @n
Performing the integration with respect to &', yields
7 N-—1 © B (T, © )
T(,6,%) = 2 { Bonlro70) Z Z nr ’°)F< 0, p)} (28)
wrok p=o | m=1 ao n=1 m=1
where
pL+1 i(x—)c')—a(,lx—x’l
FO(X,P)=aoj e dx’
pL—1
F,(x, 6, p) = Fy.(x, p) cos n0+ F,,(x, p)sin nf
PLAL L %) —afx—x]
Fiu(x,p) = j‘ e [ancos by|x —x'| — b,sin |x —x'|] dx’ (29)
pL—1
pL+1 E(x—>c')—n,,|x—x'|
Fz,.(x,p)=j e [b,cosb,|x—x'| + a,sin|x—x'|]dx’".
pL-1

Due to the presence of |x—x'| and three different zones (—oo,pL—1I), (pL—I,pL+1) and (pL+1, ), the
integration with respect to x’ in (29) is quite complicated. By introducing Heavisides’ step function to each
zone, we obtain

u
ao —(ao——)H(x—pL—l) (a - )H(x —pL+1)
Folx,p) = [e 2 —e \

0" %

4 ag l:e <a0+2 )Ht x+pL— I)-_e (ao+2>H( x+pL+l):I (30)

+u
Ao+ —
°7 2
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C»{\u,,f
Fln(xs p) = <

Jrx—pL-n

I
5

.

2

2
9 ) TP

- (a,,f N )Hlx—pL+I)
e 2y

2
u
n N + br%
((l 21)

i

_201

[ed

-(uﬁ N )qux wpL—1)
e 2y

apf ay— ")~ b? {cosb,Hix—pL—D)—b, 2, — o sinb,,H(x—pL—l)}
2a 2 )

>— b,%] cosb,H(x—pL+1)— b,,li2a,, - EM—] sinb, H(x—pL+ l)}
o

+ > {[an<a,,+~u»>—bf]cosan(——x+pL—l)—b,,[Za,.+-xi]sinb,,H(—x+pL—l)
( u ) N 20 20
ayt+ =1 +b;
2x
#(,aﬁ ! )HHX#—pLH)
e 2y u 5 u )
3 a, a,,+5& —b? [cosb, H(—x+pL+1)—b, 2a,,+£ sinb,H(—x+pL+1)
<an + )) + b}
2@ (31)
—(u,,f:y)H(\‘*pL‘l) _
€ = u 27 . u |
Faoulx, p) = ———5——1| 4 an=5- — by |sinb,H(x—pL—1)+b,| 2a,—— |cosb,H(x—pL—1)
<an - i) +b2 - - 22
2
_(uﬁ ! \)H(.\-—pLH) _ _ _
e v u e u
5 a,l a,—— |—b; {sinb,H(x—pL+1)+b,| 2a,—— |cosb,H(x—pL+1)
( u ) , L 20 } 24 |
an—= | +by
Pk
—(”u,,+ Y \)H(—,\'Jrle—I) _ _
e 2y i 2 . u
+ 2 a, a,,+§& —b; [sinb,H(—x+pL—1)+b, 2“"+ﬂ cosb,H(—x+pL—1)
) (a,, + )~> + b2 - = -
2
~(a,,+:\)Hl—\'»/7L+I) _ H
e 2y/ u . U
-~ 5 a,1<a,.+—~~->—bf:|smb,,H(—x+pL+l)+b,, 2a,+— cosb,,H(—x+pL+l)}
( u ) R 20 | 20 |
[27% + 7) + h,,
2 (32)
where the function H(x) is defined as
Hx) x for x>0 (33)
= 0 for x<0.
The detailed derivation of the above equations can be found in [10].
HELICALLY MOVING SOURCES—TRANSIENT AND UNSTEADY STATES
The Green'’s function for the unsteady problem, (7-10), may be written as
G, 0, x, t|r, 0, x) =g, 0, x, t|r', 0, xV+ G(r, 0, x|r'. 0. x") 34)
where G(r, 8, x|r', 0, x) is given by (23) and g(r, 0, x,t|r', &', x') satisfies
1 /¢y g ]
L +uZ4+w—|-Vg=0 35
a<ﬁt+“nx+”ﬁ0 g 35)
g=~—G(r,0,x|r.0,x) O<r<ry, 002, |x|<o0, t=0
5
k;ﬁ+hg=0 F=ro. 0<0<2n, |x|<oo. t>0 (36)
or
g=90 O<r<ry. 002, |x|=00, £>0.
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Clearly, (34) satisfies (7-10) and g(r, 6, x, t]r', ', x') can be readily recognized as the Green’s functions associated
with the transient problem. In view of the initial condition in (36) and G(r, 8, x|r’, &', x') in (22) we seek the
solution of (35) in the form

T L Awam(X X)) €00 = e 0 (37)
n=—wm=1
where
——,lsz i"m 'y o~ ing’
Apm = - U ) ) 172 (38)
2urda[(h/k)? + A2, — (n/ro) ) J2 (A2, r0)|: 5+ A2a+ i} jl
and 4,, are the roots of (17). Substituting (37) into (35) yields
al/’ll"l 6‘/"""! 62‘/’""]
- = 0. 39
a e Yox? (39)
The boundary conditions on ¥, may be taken as
Vo =0, for x| < o0, t>0
(40)

u u2 1/2
Yam = €xp| 7= (X =X) = 5+ Am+iw? | |x—=x]||, for |x|<o, t=0.
20 4
The solution of (39) satisfying (40) can be readily written down as

0 2 1/2
Yom = J exp[zl(x"—x')—(ﬁwz +1w> Ix”—x’l}G(x,tIx”,O)dx” (41)
o

— @

where G(x, t|x") is the Green’s function associated with (39)—(40) and is

G(x, t|x") = exp[ — (x—x" —ut)?/(4at)]. 42)

1
2 \/ not)
Substituting (42) into (41) and performing the integration yields
Ynm{x,t]x") = he-(x—x —un*/ac [ ez erfc (z,) + ez erfc (z2)] 43)

where erfc(z) is the complimentary error function of complex argument. z; and z, are defined by

Z = (szxtx n_. n)\/(at) = élilr’

2= <—x_2_a%+aniibn>\/(°‘t) =ty ()

x—x
él 2\/ l)+a"\/ ) 62 = —m+an\/(at)s n= bn\/(at)

where a, and b, have been defined in (25) and the minus sign is used when n = negative. Substituting (38) and (43)
into (37) gives the Green’s function for the transient state,

-1 2 & Bulr,r)ent? =0~ +iodat a2
gir,0,x,t|r,0,x') = e . 7 [eterfe(zy) + e*terfe(z,)] e~ x uéa (45)
T = o mz u
0% n w m=1 l:ri_’_AZ +zw,,]

To reduce the complex functions in (45) to real functions, we separate the complex function e erfc(z) into
real and imaginary parts by means of the following relations:

w(iz) = e** erfe(z) (46)
i

w(z) = ~J e ~dr= UG n+iV(En)

M) Z—

where z = £ +inand U(,n) and V(1) have been tabulated [11]. From these relations, the following corrolaries
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which are needed here can be obtained:

w(iz) = Un, &) —iV(n, &)

o y (46)
w(iz) = Un. &) +iV(n, &)

where Z = £~ in. Applying (46) and (46') to (45) we obtain the Green’s function for the transient problem

—1 B m ao A (x—x'} x—Xx
g(r, 8, x,t|r,6,x') = Z I: on(r r){ ( +Zx> erfc(ao\/(at)Jr )

2nrde 2| 2a0 2. /(@)

o=z, x )
+e ( 2“> erfc<ao\/ rxt)— >}+e‘““”’) a3 T

\/ =1 a£+b3

% e~ hmnt () cos[n(f— ) — wiat] +  sin[n(0—0) — a)foct]}:| 47)

where

(1= a, (UM E)+ UM E)]+ b [V, E0)+ V(n, &5)]
L=bJUME)+UMm. E)] +a,[Vin, £+ Vn, £2)]

and &,, £, and 5 have been defined in (44).
If each of the N point sources generates heat at the rate of Q, the temperature history in the transient
state with F = f = 0 is obtained by substituting g in (47) for G into (11) and replacing x’ by pL and 6 by zero.

(43)

QN 1
T(r,0,x,t) ==Y g(r,0,x,1t|ro,0,pL)
pc p=0
Q Nt ‘(x pL) @ Bo,,,rro x—pL
- = esotx=rL) erf 0+
2nr%k,,zo ,,,; erfo| o /(1) + 2\/ (at)

-pL i o Bamllsr
+ e~ aolx~ PL)erfc<a0\/(oct )}-}—e“X'PL—“f’ hat “2( o

2\/(dt) n=1 Gp +b3
x e A [ cos(nf — wlat) + 5 sin(n — wfat)]}. (49)

Similarly, for N distributed sources each generating heat at the rate of Q” per unit area, the temperature
history can be obtained from (12); the integration cannot be expressed in tabulated functions but it can be
obtained numerically without difficulty.

MOVING RING SOURCES

If the rotational velocity w of the cylinder is very large in comparison with the translational velocity, u, the
problem may be approximated as one of moving ring sources. Then the temperature will be independent of
the angular position 6. The Green’s functions for steady, transient and unsteady states can be similarly obtained
by the direct solution of the appropriate differential equations {10], or by specializing the results of (23) and
(45) to the present cases. Setting § = w = 0 in (23) and (45), integrating with respect to # from —= to = and
dividing by 2x, we obtain the Green’s functions in steady and transient states,

N (x—x")
e © XZJO(X r)Jo(imr)e‘“““ X'

Glr,x|r',x') =
(r,x]r’, x') rod%  m=t AJ§(Amro)[Am + (WK)*]

(50)

4 (x—x')+A2at
ot = L 5 Adoldn Dol e
rX, tr, x') = —
g 2ot 2 agJZlmro) A3+ (W)

|:e%<x x)erfc(ao\/ cxt)+2\/ >+e aolx— x)erfc<ao\/(<xt) N ;))} (51)

where ao has been defined in (25) and 4,, are the roots of (17) with n = 0. It is to be noted that (50) and (51)
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represent the first series in (23) and (47), respectively, ie. for n = 0. Thus, the series for n # 0 represent the
correction terms for the tangential heat flow.

If heat is generated at the rate of Q' per unit length of the ring at (ry, 0), the steady and transient temperature
distributions in the cylinder due to a single ring can be readily written down by multiplying Q'/pc to the
right hand side of (50} and (51) and setting r' = r, and x' = 0. The steady solution has been reported in [5].

If there are N ring sources apart at a distance L, the temperature distributions in steady and transient states are

u
— (x~pL)—ag|x~pL|

QN1°°1210( r)2ot

T(r,x) = 52
( rok p=0 m=1 agJold "6‘)[/12 h/k)z] G2
r N=-1 ¥ © /13"] Am
T(r,x, 1) = 2 o2 Y O(Az ) 5
2rOk p=0 m=1 aOJO Amro)[’tm_*'(h/k) ]

[e"o‘x rL) erfc (ao J@) +2 20 t)> + e-aolx—rl) erfe (ao V) - ;—:}(%ﬂ (53)

If each of the ring sources has width of 2/, the temperature distribution in steady state is
"oNZL 2 A2 Jo(Amr R ST ALY
ey °(2) : J T (54)
2nr3k ;=0 mm1 doJo(Amro)[AZ + (W) ]
Q' "t 2 AnJo(kmPFo(x, p)
"~ rok ;%0 w1 a3Jo(Amro)[An + (1/K)*]

where F, is given in (29).

T(r,x) =

-1

(55)

GENERATRIX LINE SOURCE

Consider a generatric line source at (v, ) rotating about the cylinder axis at a constant angular velocity, w.
To find the Green’s functions for the transient and steady problems, we may specialize (23) and (47) to this case
by setting u = 0 and x = 0, and integrating with respect to x over (— o0, o). The results are:

G 0, ) = —— 3 {B‘”"(” Doy —B—"ﬂw‘[lfmcosn(0—9’)+w§sinn(6—6’)]} (56)

2 4 4
TU‘()(X m=1 AOm n=1 (lnm+wn)

-1 =
g(h@,tlr',@’): [MC —Adn a9 Z (r T)

2 2 14 5 & 4
Trod m=1 j-Om /lnm )

x {AZ,cos[n(0—0) — wiat] + w?sin[n(0-6)— v, at]}] (37

These results can also be obtained from the Green’s function associated with heat equation [10]. However,
G(r,0|r', @) can be expressed in the form of a single series, were it determined directly from its governing
equations (13) and (14) after §(x—x'), |x| < oo, and all derivatives with respect to x are deleted. We now write

G(r,0lr, 80 =Y R,(rlr;ne (58)

n=-co

Multiplying both sides of the differential equation by e ~™, integrating with respect to 8 over (— =, n) and making
use of the orthogonality of €™, we can obtain

ing’

R; +%Ri.— (§+ iwf)Rn =< —d(r=r). (59)
The solution of (59) satisfying the boundary condition
kR,+hR,=0 for r=rg (60)
can be easily found as
Rl = ) ) )

p(rYW(uy, uz) p(r )W uy, uz)
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FiG. 2. Surface temperature due to single distributed heat source at {rg,0,0) vs
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F1G. 3. Temperature due to a single distributed heat source af (r,0,0) vs axial
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for r < v and r > ¥, respectively, with p(r') = v and
u; = I,,(\/i.co,l r)

Uy = {[AKU1. uro) + ki 0 Kol w5 Il 1. 04 T)
- [hl,,(\/i ROWNES W NN I,’,(\/i .w,ro)]K“(V/i w1t} (62)

1 )
Wiy, us) = — - [hL(/i nro) + ki 0 /i @aro)]

where I, and K, are the modified Bessel functions of the first and second kinds, respectively. Rewriting the
exponential and Bessel functions in complex forms and putting ' = ro, (58) becomes

o M {"Owan cos{n(0~0)+ ¢~ ]+ % Mscos[n(ti— ) + ¢, “¢3]}

k/h k
o,k

63
2nraa mo S (63)

G(r) Berv 9’) = th% hro
rdwiM3 + e M3E 4 2rqw, M, - M;cosigs—¢,)
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F1G. 5. Temperature due to triple distributed heat sources at (rq, 0,0), (rq, 0, 0-1),
and (ro, 0, 0-2) vs axial and radial positions for 0 = 0, Bi = 2-0 and @ = 10rrad/s.

M, = [berX(w,r) + bei(w,r)]"'%, M, = [ber;H(waro) + bei}X(w,10)]

bein(wp

My = [berX(w,¥o) + beiZ(w,ro)]*'% ¢, = tan~! bein(ar)
ber,(w,r)
¢2=tan_1M ¢3=tanAlM

ber,(w,ro)’ ber,(w,ro)
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(64)

and ber and bei stand for Bessel-real and Bessel-imaginary, respectively. If we replace 8’ by wt and multiply
the right hand side of (63) by Q'/pc, we obtain the temperature distribution in periodic state due to a line source.
If we replace §' by wt + 6” and integrate with respect to 8” over (— v, v), we obtain the periodic solution for a band
source which has been reported in [8].

RESULTS FOR STEADY STATE AND DISCUSSIONS

Equations (26) and (28) were calculated for ro = 0:5ft, a = 0-172ft?/h, | = 0005r,, v = 0:01 rad, and a wide
range of values of angular velocity, w, Peclet number (Pe = 2ryu/x) and Biot number (Bi = 2roh/k). It was
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found that in the practical range of machining processes, Pe = 2 — 20 and @ = 0-1zx — 10m rad/s, the first series
of (26) and (28) yield good results everywhere in the cylinder except in the proximity of a source. In other
words, the temperature dependence of 0 can be neglected and consequently the ring source approximation gives
sufficiently accurate results for the practical range of machine operation.

Some of the calculated results are shown in Figs. 2-5. In Fig. 2 are shown the temperature distributions
along the generatrix (8 = 0,r =ry) due to a single distributed source at (' =ry, —v <8 <v,x’ =0), for
Bi = 02, 2:0. Temperature-distributions along generatrices (# # 0,r = ro) are almost the same as those shown
in Fig. 2 except near x = 0, as mentioned earlier. Figure 3 shows the temperature distribution in the cylinder
due to a single distributed source at (r' = ry, —v < 8’ < v,x’ = 0) for § =0, w = 10nrad/s and various values
of Pe and Bi. In Figs. 4 and 5 are shown the temperature distributions on the surface and in the interior of
the cylinder, respectively, under the influence of triple distributed sources.

From Figs. 2 and 4 it is seen that for large values of Bi (i.e. large rate of surface cooling), the variation
of Pe (i.e. the variation of translational velocity) has little influence to the surface temperature, whereas the
influence of Pe is quite large for small values of Bi. This discussion holds also to a lesser degree if we interchange
Bi and Pe in the above statement. Figures 3 and 5 show that, for a given material with a given value of the
convectance, the temperature in the cylinder can be higher than that on the surface at points away from the
source or sources. The asymmetry of temperature curves in front of and behind the heat sources is more
pronounced in the case of multiple sources than that of a single source. For small values of Pe or large values
of Bi the maximum temperature occurs at the position of the middle source, whereas for large values of Pe or
smaller values of Bi the maximum temperature takes place at the position of the right-hand source.
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UN SYSTEME DE SOURCES THERMIQUES CONCENTREES OU DISTRIBUEES
SUR UN CYLINDRE EN MOUVEMENT DE TRANSLATION ET DE ROTATION

Résumé—Ce mémoire présente I'analyse de la conduction thermique dans un cylindre en mouvement

de translation et de rotation, avec des sources de chaleur concentrées ou distribuées sur la surface. On

considére les différents régimes: permanent, transitoire et variable. Physiquement, ce probléme représente

Pusinage d'un cylindre par un ensemble d’outils. Deux cas simples sont considérés: un systéme annulaire
de source mobiles et une source mobile en forme de bande le long d’une génératrice.

EIN SYSTEM DISKRETER UND VERTEILTER WARMEQUELLEN AUF
EINEM TRANSLATORISCH UND ROTIEREND BEWEGTEN ZYLINDER

Zusammenfassung — Diese Abhandlung stelit eine Analyse der Wirmeleitung in einem translatorisch und

rotierend bewegten Zylinder unter dem EinfluB eines Systems von diskreten und verteilten Wirmequellen

tiber die Zylinderoberfiiche dar. Stationdre und instationire Zustinde sowie Ubergangsphasen werden

behandelt. Physikalisch stellt das Problem die Bearbeitung eines Zylinders mit einem Werkzeugsatz dar.

Zwei einfachere Fille wurden ebenfalls untersucht: ein System von bewegten Ringquellen und eine
bewegte Linienquelle.
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CUCTEMA KOHLEEHTPHUPOBAHHLIX U PACITPENEJIEHHBLIX TETIJIOBBIX
UCTOYHUKOB HA LIUWJIMHAPE, HAXOIOAUWEMCA B MOCTYITATEJIBHOM U
BPAIIATEJIBHOM ABUXEHWUHU

AmmoTaumsa — IIpencrasiieH aHamH3 TEIIONPOBOLHOCTH B LIMIMHAPE, HAXOAALLEMCS B TTOCTYMATE b=

HOM H BpallATEJILHOM ABHXEHHH, IIPU HAJIMYMM CHCTEMBbI KOHLEHTPHPOBAHHBIX M PACIPEAEIEHHbIX

HCTOYHHMKOB Ha MOBEPXHOCTHM LMIHHApaA. PaccMaTpMBAlOTCA CTAaUMOHApHOE, NEPEXOAHOE M HecTa-

LHOHAPHOE COCTOAHUA. DU3NYECKM 3Ta pobiieMa nMeeT MecTo nipH o6paborke uMAMHApa HaBopom

HHCTpYMeHTOB. MccnenyoTes aBa IMpOCTBIX C/y4as: CHCTEMA ABMKYLUIHXCA KOJIbLEBbIX HCTOYHUKOB
M MCTOYHHUKOB, OBHKYILUMXCA 110 06pa3yoLLeit moBEpXHOCTH.
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